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Abstract. Suppose a finite dimensional semisimple Lie algebra g acts by derivations on a 
finite dimensional associative or Lie algebra A over a field of characteristic 0. We prove the g- 
invariant analogs of Wedderburn — Mal'cev and Levi theorems, and the analog of Amitsur's 
conjecture on asymptotic behavior for codimensions of polynomial identities with derivations 
of A. It turns out that for associative algebras the differential PLexponent coincides with 

■ the ordinary one. Also we prove the analog of Amitsur's conjecture for finite dimensional 
associative algebras with an action of a reductive affine algebraic group by automorphisms 

. and anti-automorphisms or graded by an arbitrary Abelian group not necessarily finite. In 

■ addition, we provide criteria for G-, H- and graded simplicity in terms of codimensions. 
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The Levi Theorem is one of the main resuhs of structure Lie theory, as well as the Wed- 
derburn — Mal'cev Theorem is one of the central results in structure ring theory. We 
are interested in Lie and associative algebras with an additional structure, e.g. graded, 
if-(co)module, or G-algebras, and in decompositions compatible with these structures. In 
J3 I 1957, E.J. Taft proved [10] the G-invariant Levi and Wedderburn — Mal'cev theorems for 

G-algebras with an action of a finite group G by automorphisms and anti-automorphisms. 
Due to a well-known duality between G-gradings and G- actions, Taft's result implies graded 
^ i decompositions of algebras graded by a finite Abelian group G over an algebraically closed 

(yQ I field of characteristic 0. The study of Wedderburn decompositions for if-module algebras was 

CN ■ started by A. V. Sidorov [37] in 1986. In 1999, D. §tefan and F. Van Oystaeyen pH] proved 
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the if-coinvariant Wedderburn — Mal'cev Theorem for finite dimensional if-comodule asso- 
ciative algebras, where if is a Hopf algebra with an ad-invariant left integral t G H* such that 
t(l) = 1. In particular, they proved the if-(co)invariant Wedderburn — Mal'cev Theorem 
CN ■ for finite dimensional semisimple H over a field of characteristic 0, the graded Wedderburn — 

Mal'cev Theorem for any grading group provided that the Jacobson radical is graded too, 
and the G-invariant Wedderburn — Mal'cev Theorem for associative algebras with a rational 
^ ■ action of a reductive algebraic group G by automorphisms only. The graded Levi Theorem 

for finite dimensional Lie algebras over an algebraically closed field of characteristic 0, graded 
by a finite group, was proved by D. Pagon, D. Repovs, and M.V. Zaicev |35] in 2011. 

In 2012, the first author proved the if-coinvariant Levi Theorem in the case when the 
Hopf algebra H has an ad-invariant left integral t G H* such that t{l) = 1. As a consequence 
he obtained the if-invariant Levi Theorem for if-module Lie algebras for a finite dimensional 
semisimple Hopf algebra H, the graded Levi Theorem for an arbitrary grading group, and 
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the G-invariant Levi Theorem for Lie algebras with a rational action of a reductive algebraic 
group G by automorphisms only. 

In this paper we prove the G-invariant Wedderburn — Mal'cev and Levi theorems (The- 
orems [T] and [2] in Subsection 12. 11) where G is a reductive affine algebraic group over an 
algebraically closed field of characteristic 0, acting rationally by automorphisms and anti- 
automorphisms. Also we prove the g-invariant Wedderburn — Mal'cev and Levi theorems 
(Theorems H] and [5] in Subsection 14. 2p where g is a finite dimensional semisimple Lie algebra 
over a field of characteristic 0, acting by derivations. 

One of the applications of invariant decompositions is in the combinatorial theory of 
graded, differential, G- or if-polynomial identities. 

In the 1980's, a conjecture about the asymptotic behaviour of codimensions of ordinary 
polynomial identities was made by S.A. Amitsur. Amitsur's conjecture was proved in 1999 
by A. Giambruno and M.V. Zaicev [121 Theorem 6.5.2] for associative algebras, in 2002 
by M.V. Zaicev |[42j for finite dimensional Lie algebras, and in 2011 by A. Giambruno, 
LP. Shestakov, M.V. Zaicev for finite dimensional Jordan and alternative algebras |18j . 
In 2011, the first author proved its analog for polynomial identities of finite dimensional 
representations of Lie algebras [21] . 

Alongside with ordinary polynomial identities of algebras, graded, differential, G- and H- 
identities are important too[51EllIlEl[Sl[IDl[IIllIlEniEIlES]. Usually, to find such identities 
is easier than to find the ordinary ones. Furthermore, each of these types of identities com- 
pletely determines the ordinary polynomial identities. Therefore the question arises whether 
the conjecture holds for graded codimensions, if-codimensions, and codimensions of 
polynomial identities with derivations. The analog of Amitsur's conjecture for codimensions 
of graded identities was proved in 2010-2011 by E. Aljadeff, A. Giambruno, and D. La Mat- 
tina [21 [31 m] for all associative Pl-algebras graded by a finite group. As a consequence, 
they proved the analog of the conjecture for G- codimensions for any associative Pl-algebra 
with an action of a finite Abelian group G by automorphisms. The case when G = Z2 acts 
on a finite dimensional associative algebra by automorphisms and anti-automorphisms (i.e. 
polynomial identities with involution) was considered by A. Giambruno and M.V. Zaicev [T^ 
Theorem 10.8.4] in 1999. 

In 2012, the first author ^] proved the analog of Amitsur's conjecture for polynomial 
if-identities of finite dimensional associative algebras with a generalized if-action under 
some assumptions on the if-action. As a consequence, the analog of Amitsur's conjecture 
was proved for G- codimensions of finite dimensional associative algebras with an action of an 
arbitrary finite group G by automorphisms and anti-automorphisms, and for if-codimensions 
of finite dimensional if-module associative algebras for a finite dimensional semisimple Hopf 
algebra H. 

In 2012, the first author proved the analog of Amitsur's conjecture for graded poly- 
nomial identities of finite dimensional Lie algebras graded by any group, for G-identities of 
finite dimensional Lie algebras with a rational action of a reductive affine algebraic group, 
and for if-identities of finite dimensional if-module Lie algebras under some assumptions 
on the if-action. (A particular case of this was proved in [22].) 

This article is concerned with the analog of Amitsur's conjecture for codimensions of dif- 
ferential identities of finite dimensional Lie and associative algebras with an action of a finite 
dimensional semisimple Lie algebra by derivations (Section [3D, G-codimensions of associative 
algebras with a rational action of a reductive affine algebraic group G by automorphisms and 
anti-automorphisms (Section [1]), and graded codimensions of associative algebras graded by 
an arbitrary Abelian group (Section [S]). Here we use an easy trick (see Theorem [H|) in order 
to remove in [231 Theorem 5] the requirement for dim/7 to be finite. 
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In Section [6] we provide explicit formulas for the exponents of differential, graded, and 
G-identities that are natural generalizations of the formulas for the ordinary Pl-exponents 
(see [13 Section 6.2] and Definition 2]). It turns out that the differential Pl-exponent 
of a finite dimensional associative algebra coincides with the ordinary one if the Lie algebra 
acting by derivations is finite dimensional semisimple. The same is true for the exponent 
of G-identities when G is a connected reductive affine algebraic group. In Section [8] we 
provide criteria for graded, G-, and if-simplicity; in the proof, we will use an upper bound 
for codimensions, which is established in Section [71 

2. Structure theory 

2.1. Wedderburn — Mal'cev and Levi decompositions for G-algebras. We use the 

exponential notation for the action of a group. Let A be an algebra over a field F. Recall that 
ip G GL{A) is an automorphism of A if {ab)"^ = a^b^ for all a,b & A and anti- automorphism 
of A if (ab)"^ = h^a^ for all a,b & A. The automorphisms of A form a group, which is 
denoted by Aut(A). The automorphisms and anti-automorphisms of A form a group, which 
is denoted by Aut*{A). Note that Ant{A) is a normal subgroup of Ant* (A) of index ^ 2. 

Let G be a group. We say that an associative algebra A is an algebra with G-action or 
a G-algebra if A is endowed with a homomorphism (p: G ^ Ant* (A). Note that Gq : = 
ip~^{Ant{A)) is a normal subgroup of G of index ^ 2. 

We claim that the following theorem holds: 

Theorem 1. Let A be a finite dimensional associative algebra over an algebraically closed 
field F of characteristic and let G be a reductive affine algebraic group over F. Suppose 
A is endowed with a rational action of G by automorphisms and anti- automorphisms. Then 
there exists a maximal semisimple subalgebra B C A such that A = B (B J (direct sum of 
G-invariant subspaces) where J := J{A) is the Jacobson radical of A. 

Proof. First we prove the theorem for the case = 0. 

If G is acting by automorphisms only, then the theorem follows from ^381 Corollary 2.10]. 
Hence we may assume that the subgroup Go C G is of index 2. Note that Go is closed since 
it is defined by polynomial equations. 

Moreover, J is G-invariant since the maximal nilpotent ideal is invariant under all automor- 
phisms and anti-automorphisms. Let vr: A — )■ A/ J be the corresponding natural projection. 
By [3H1 Corollary 2.10], there exists a Go-equivariant homomorphic embedding ip: A/ J ^ A 
such that nip = id^/j. 

Fix g G G\Go. Define the map (p: A/ J ^ A hj ip{a) = {ipi^a) + gip{g^^a)) /2 for a E A/ J. 
Then 

(p{ha) = {ip{ha) + gip{g'^ha))/2 = {hip{a) + gip{{g~^hg)g~^a))/2 = 
{h(p{a) + g{g^^hg)ip{g''^a))/2 = hip{a) for all h e Gq, a G A/ J 

and 

<^(fi'a) = {'{'{.ga) + g(pia))/2 = g{g~'^ip{ga) + 'p{a))/2 = gip{a) for all a G A/ J. 

Hence ip is G-equivariant. 

Let a G A/ J. Then 7Tip{a) = (7r(/?(a) + g7TLp{g~^a))/2 = a. We claim that ip is a. homomor- 
phism of algebras. 

First we observe that a linear map ip: A/J-^A, such that nip = id^/j, is a homomorphism 
of algebras if and only if {ip — ip): A/J^ J is a {p>, p>)-skew derivation, i.e. {p> — ip){ab) = 
{p>—ip){a)(p{b)+ip{a){ip—ip){b) for all a, 6 G A/ J. Indeed, if ip: A/J^Aisa. homomorphism 
of algebras, then 

{ip - iP){ah) = ip{a)ip{b) - iP{a)iP{b) = {ip - ^)(a)^(6) + ^(a)(^ - iP){b) = 
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- ^){a)^{h) + ^(a)(v9 - + - ^)(a)(<^ - = - ^)(a)<^(6) + <^(a)((^ - 

since {ip — il)){a){ip — ip){h) G = for all a,b & Aj J . The converse is proved by a similar 
calculation. 

Hence a {^{a) — gip{g^^a)), a E A/ J, is a (y9)-skew derivation, and 

a V9(a) - (v9(a) - g(p{g'^a))/2 = if (a) 

is a homomorphism of algebras. Therefore, we can take B = iimp, A = im(^©ker (p = B®J ■, 
and the theorem is proved for the case = 0. 

We prove the general case by induction on dim J. Suppose ^ 0. Hence dim(J/J^) < 
dim J and, by induction. A/ J'^ = Ai/J"^ © J/J^ where C A is a G-invariant subalgebra 
such that Ai/J"^ = A/ J is semisimple. Since the Jacobson radical is nilpotent, dim < 
dim J and, by induction, Ai = BQJ"^ where B = A/ J is a G-invariant semisimple subalgebra. 
Now we notice that A = B (B J (direct sum of G- invariant subspaces). □ 

Analogously, we derive Theorem [2] from [2H Theorem 5]. 

Theorem 2. Let L be a finite dimensional Lie algebra over an algebraically closed field F of 
characteristic and let G be a reductive affine algebraic group over F. Suppose L is endowed 
with a rational action of G by automorphisms and anti- automorphisms. Then there exists 
a maximal semisimple subalgebra B in L such that L = B (B R (direct sum of G -invariant 
subspaces). 

2.2. Connection between derivations and automorphisms. The main trick in our in- 
vestigation of algebras with derivations is to replace the action of a Lie algebra by derivations 
with an action of an affine algebraic group by automorphisms, which in our situation has 
been studied better. 

Theorem 3. Let A be a finite dimensional algebra, not necessarily associative, over an 
algebraically closed field F of characteristic 0. Suppose a finite dimensional semisimple Lie 
algebra Q is acting on A by derivations. Then there exists a rational representation of a 
simply connected semisimple affine algebraic group G on A by automorphisms such that 

(1) the Lie algebra of G equals q; 

(2) the Q-action on A is the differential of the G-action on A; 

(3) all Q-submodules in A are G-invariant subspaces and vice versa. 

Proof. By [271 Chapter XVHI, Theorem 5.1], there exists a simply connected affine algebraic 
group G such that the Lie algebra of G is isomorphic to g. The g-module A is the direct 
sum of irreducible g-submodules that correspond to some dominant weights of q. We define 
on the irreducible g-submodules the rational action of G corresponding to those weights. 

We claim that G acts on A by automorphisms. Indeed, we can treat the multiplication 
/i : /I © A — )■ A as an element fJ- = J2i f^u ® f^2i ® /isi E A* ® A* ^ A. We have the following 
action of G and g on the space A* A* ® A: 

g{u{-) ® v{-) ®w)= u{g-\-)) ® v{g-\-)) ® (gw), 

5{u{-) © f (■) ®w) = m(-) (g) v{-) iS)Sw - u{5{-)) (g) v{-) ®w - m(-) © v{5{-)) © w 

where u,v e A*, w e A, 6 e Q, g e G. Since 6{bc) = {5b)c + b{5c) for all b,c e A, 6 e 
we have Zli AtH(^)Ai2i(c)(5/i3j) = Y.iil^iii^b)fX2i{c)fi3i + lJ^ii{b)fi2i{Sc)fi3i). Hence 5^ = for all 
5 G 0, and g/i = 0. By [23, Theorem 13.2], Gfi = fi. Hence g{bc) = {gb){gc) and G acts on 
A by automorphisms. Using [281 Theorem 13.2] once again, we get that G and q have in A 
the same invariant subspaces. □ 
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2.3. Wedderburn — Mal'cev and Levi decompositions for algebras with deriva- 
tions. Theorem [3] enables us to replace the action of a semisimple Lie algebra by derivations 
with an action of a semisimple afiine algebraic group by automorphisms. Hence Corol- 
lary 2.10] (or Theorem H]) implies 

Theorem 4. Let A be a finite dimensional associative algebra and g be a finite dimensional 
semisimple Lie algebra over an algebraically closed field F of characteristic 0. Suppose g is 
acting on A by derivations. Then there exists a maximal semisimple subalgebra B in A such 
that A = B ® J {A) (direct sum of g-submodules). 

Analogously, [24^ Theorem 5] (or Theorem [2]) implies 

Theorem 5. Let L and g be finite dimensional Lie algebras over an algebraically closed 
field F of characteristic 0. Suppose g is semisimple and acting on L by derivations. Then 
there exists a maximal semisimple subalgebra B in L such that L = B ® R (direct sum of 
g-submodules) where R is the solvable radical of L. 

3. Polynomial //-identities, identities with derivations, and their 

codimensions 

We introduce polynomial identities with derivations as a particular case of polynomial 
//-identities. 

An algebra A over a field F is an H-module algebra or an algebra with an H-action, if 
A is endowed with a homomorphism H Endi?(A) such that h{ab) = (/i(i)a)(/i(2)&) for 
all h & H, a,b ^ A. Here we use Sweedler's notation Ah = (8) /i(2) where A is the 
comultiplication in H. We refer the reader to [Ml ESj for an account of Hopf algebras 
and algebras with Hopf algebra actions. 

3.1. Polynomial //-identities of //-module Lie algebras. Let F{X} be the absolutely 
free nonassociative algebra on the set X := {xi,X2,X3, . . .}. Then F{X} = /^{-^j'-"^ 
where /^{X}*^"^ is the linear span of all monomials of total degree n. Let // be a Hopf algebra 
over a field F. Consider the algebra 

oo 

F{X\H} := //®" ® F{X}(") 

71=1 

with the multiplication {ui ® Wi){u2 ® ^2) := {ui U2) W1W2 for all Ui G H'^^ , U2 G //®'^, 
wi e F{XY^\ W2 e F{XY''\ We use the notation 

Xi^'Xi^ . . . X,^; ■= {hi0h2® ...0 hn) ® Xi^Xi^ ...Xi„ 

(the arrangements of brackets on Xi- and on x^^^ are the same). Here /ii ® /i2 ® . . . (8>/in G //'^", 

Note that if (^p)p^f^ is a basis in //, then F{X\H} is isomorphic to the absolutely free 
nonassociative algebra over F with free formal generators xj'', /9 G A, i G N. 
Define on F{X\H} the structure of a left //-module by 

where /i(2) ® . . . ® is the image of h under the comultiplication A applied (n — 1) 
times, h & H. Then F{X\H} is the absolutely free H-module nonassociative algebra on 
X, i.e. for each map ip: X ^ A where A is an //-module algebra, there exists a unique 
homomorphism ^p■. F{X\H} A of algebras and //-modules, such that "^1^^= '4'- Here we 
identify X with the set {x] | j G N} C F{X\H}. 
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Consider the if -invariant ideal / in F{X\H} generated by the set 

{u{vw) + v{wu) + w{uv) \u,v,w e F{X\H}} U {u^ \ u e F{X\H}]. (1) 

Then L{X\H) := F{X\H}/I is the free H-module Lie algebra on X, i.e. for any ii-module 
Lie algebra L and a map ip: X — )■ L, there exists a unique homomorphism ip: L{X\H) — )■ L 
of algebras and ii-modules such that ^/'|jf= ^- We refer to the elements of L{X\H) as Lie 
H -polynomials. 

Remark. If H is cocommutative and char F 7^ 2, then L{X\H) is the ordinary free Lie algebra 
with free generators xj^, /3 G A, i G N where (7/3)/3eA is a basis in H, since the ordinary ideal 
of F{X\H} generated by ([T]) is already if-invariant. However, if h^i^ ® h(2) 7^ ^(2) ® ^(1) for 
some h E H, we still have 

in L{X\H) for all 2, j G N, i.e. in the case ® /i(2) 7^ ^(2) ® ^(i) the algebra L{X\H) is not 
free as an ordinary Lie algebra. 

Let L be an if-module Lie algebra for some Hopf algebra H over a field F. An 
ii-polynomial / G L{X\H) is a H-identity of L if '?/'(/) = for all homomorphisms 
ip: L{X\H) — )■ L of algebras and ii-modules. In other words, f{xi,X2, ■ ■ ■ ,Xn) is a polyno- 
mial ii-identity of L if and only if /(ai, 02, ... , a^) = for any G L. In this case we write 
/ = 0. The set Id^(L) of all polynomial ii-identities of L is an if-invariant ideal of L(X\H). 

Denote by the space of all multilinear Lie ii-polynomials in xi, . . . , n G N, i.e. 

= {[xtl),xtl2y...,xli^^] I h,eH,ae Sn)F c LiX\H). 

Then the number cf^ (L) := dim (^ ygriLdH(-j^-) j is called the nth codimension of polynomial 
H -identities or the rath H -codimension of L. 

3.2. Polynomial if-identities of associative algebras with a generalized if-action. 

In the case of associative algebras we need a more general definition. Let H be an arbitrary 
associative algebra with 1 over a field F. We say that an associative algebra A is an algebra 
with a generalized H -action if A is endowed with a homomorphism H — ?► EndF(^) and for 
every h E H there exist h[, h'l, h'", h'l" G H such that 

h{ah) = + {h'l'h){h'l"a)) for all a,h e A. 

i 

Let -F(X) be the free associative algebra without 1 on the set X := {xi, 0:2, xs, . . .}. Then 
F{X) = 0;;°^^ F(X)(") where F(X)(") is the linear span of all monomials of total degree n. 
Let H be an arbitrary associative algebra with 1 over F. Consider the algebra 

00 

F{X\H) := i/®" ® F(X)('^) 

71=1 

with the multiplication {ui (8> Wi){u2 ® "^2) '■= (wi ® ^2) ® W1W2 for all Mi G H'^^ , U2 G if®'^, 
wi G F(X)(J), W2 G F(X)('=). We use the notation 

X^^X^i^ . . . ■.= {hi®h2®...® K) ® Xi^Xi., ...Xi„. 

Here hi ® h2® . . . ® K e ii®", Xi.Xi^ . . . Xi„ G F(X)("). 

Note that if (7/3)/3gA is a basis in if, then F{X\H) is isomorphic to the free associative 
algebra over F with free formal generators x]^ , /3 G A, i G N. We refer to the elements of 
F{X\H) as associative H -polynomials. Note that here we do not consider any ii-action on 
F{X\H). 
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Let A be an associative algebra with a generahzed if-action. Any map ip: X ^ A has 
a unique homomorphic extension ip: F{X\H) — )■ A such that = hip^Xi) for alH G N 

and h E H. An if-polynomial / G F{X\H) is an H-identity of A if '?/'(/) = for all 
maps ip: X A. In other words, f{xi,X2,---,Xn) is an if-identity of A if and only if 
/(ai,a2, . . . , a„) = for any Oj G A. In this case we write / = 0. The set Id^(A) of all 
if-identities of A is an ideal of F{X\H). 

We denote by the space of all multilinear //-polynomials G N, i.e. 

Pn = i^h^iU ■ ■ ■ <U I h,eH,ae Sn)F C F{X\H). 

Then the number c^{A) := dim {^ pH^i^Hf^^^ is called the rath codimension of polynomial 
H -identities or the nth H -codimension of A. 

Remark. One can treat polynomial i/-identities of Lie and associative algebras as identities 
of nonassociative algebras (i.e. use F{X\H} instead of F{X\H) and L{X\H)) and define 
their codimensions. However these codimensions will coincide since the nth if- codimension 
of A equals the dimension of the subspace in Hom^(A®"; A) that consists of those n-linear 
functions that can be represented by if-polynomials. 

Theorem 6. Let A be a finite dimensional non-nilpotent associative algebra with a general- 
ized H -action over an algebraically closed field F of characteristic 0. Here H is an associative 
algebra with 1, not necessarily finite dimensional, acting on A in such a way that the Jacob- 
son radical J := J{A) is H -invariant and A = B (B J (direct sum of H-submodules) where 
B = Bi® ■ ■ ■ ® Bq (direct sum of H -invariant ideals), Bi are H -simple semisimple algebras. 
Then there exist constants Ci,C2 > 0, ri,r2 G M such that 

Cira'M" ^ c^{A) ^ Cara'^d" for all neN. 

Here 

d := max(dim(5i, © © ... © 5^,,) | Bi^JBi^J .. . JBi^ ^ 0, 

1 ^ ik ^ q,l < k ^ r; ^ r ^ q). (2) 

Proof. This theorem was proved in [23l Theorem 5] under the hypothesis dim if < +oo. We 
now show how to remove this restriction. 

Denote hj (: if — )■ EndF(^) the homomorphism corresponding to the if- action. Then A 
is an algebra with a generalized C(if )-action, and B^ are (^(if )-simple. 

We claim that (A) = c'i^^\A) for all n G N. Let V': F{X \ H) ^ F{X \ ({H)) be 
the homomorphism defined by il){x^) = x^^^\ h G H. Note that iIj{P^) = Pn^^\ Moreover 
^(Id^(A)) = Id^(^)(A) since every h & H acts on A by the operator C(^)- Hence 

F{X I H)/ld"{A) = F{X I CiH))/lS^"\A) 

and c^^{A) =ci^''\A). 

We notice that dim ^(if) < +oo and apply [23^ Theorem 5] to ^ (if )-codimensions. □ 

3.3. Differential identities. Here we are interested in the following particular case. Sup- 
pose a Lie algebra g is acting on a Lie or associative algebra A by derivations. Then A is an 
f/(0)-module algebra where U{q) is the universal enveloping algebra of g, which is a Hopf 
algebra: the comultiplication A is defined by A(a) = l©a + a©l, the counit e is defined by 
e{a) = 0, and the antipode S is defined by Sa = —a for all a G g. The elements of ld^^^\A) 
are called polynomial identities with derivations or differential identities of A and Cn^^\A) 
are called differential codimensions. 
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Example 1. Consider the adjoint representation of Qi2{-^) M2{F) and sl2{F). Denote 
by Cij the matrix units. Then 

^en ^ M^^S'^Ci^)) (JVfs (F)), Id^^S'^^^^^ (sfe (F)) 

since a*^" + 0*^22 _ ^^^^^^ _|_ ^^^^^ _ + 622,0] = for all a G M2(F). 

The analog of Amitsur's conjecture for codimensions of polynomial identities with deriva- 
tions can be formulated as follows. 

Conjecture. Let A be a Lie or associative algebra with an action of a Lie algebra g by 
derivations. Then there exists Plexp^*-^^ (A) := lim y Cn^^\A) G 

Remark. LB. Volichenko gave an example of an infinite dimensional Lie algebra L with 
a nontrivial polynomial identity for which the growth of codimensions c„(L) of ordinary 
polynomial identities is overexponential. M.V. Zaicev and S.P. Mishchenko [331 US] gave an 
example of an infinite dimensional Lie algebra L with a nontrivial polynomial identity such 
that there exists fractional Plexp(L) := lim a/ Cn{L). 

n— ^-oo 

We claim that the following theorems hold: 

Theorem 7. Let A be a finite dimensional non-nilpotent Lie or associative algebra over 
an field F of characteristic 0. Suppose a finite dimensional semisimple Lie algebra g acts 
on A by derivations. Then there exist constants 6*1,6*2 > 0, ri,r2 G M, (i G N such that 
Cin'^irf" < Cn^^\A) ^ C2n'^^d'^ for all n G N. 

Remark. If A is nilpotent, i.e. Xi. . .Xp = for some p G N, then P„^^«^ C Id^(9)(A) and 
Cn^^\A) = for all n ^ p. 

Corollary. The above analog of Amitsur's conjecture holds for such codimensions. 

Theorem 8. Let A = Ai (B ■ ■ ■ ® Ag (direct sum of ideals) be a finite dimensional Lie or 
associative algebra over a field F of characteristic 0. Suppose a finite dimensional semisim- 
ple Lie algebra g acts on A by derivations in such a way that Ai are invariant. Then 
Plexp^(s)(A) = maxi<;i<;,Plexp^(9)(Ai). 

Theorems [7] and [8] will be proved in Subsection 14.21 

4. Polynomial G*-identities and their codimensions 

4.1. Definitions and theorems. Let G be a group with a fixed (normal) subgroup Gq 
of index ^ 2. Denote by F{X\G) the free associative algebra over F with free formal 
generators x^, j E N, g E G. Here X := {xi, X2, X3, . . .}, Xj := x^. Define 

('™9l™92 „9n-l gn\h — hgi hg2 hg„-i hg„ f„^ /, ^ 

{xlxl . . . xll\xtf := x^^:xts: ■ ■ ■ x\l^x\l^ for h G G\G,. 

Then F(X|G*) becomes the free G-algebra with free generators x^, j G N. We call its elements 
G -polynomials. Let A be an associative G-algebra over F such that Gq ^ is acting on 
A by automorphisms and the elements of G\Gq are acting on A by anti-automorphisms. A 
G-polynomial /(xi, . . . , x„) G F{X\G) is a G-identity of A if /(ai, . . . , a„) = for all G A. 
In this case we write / = 0. The set ld^{A) of all G-identities of A is an ideal in F{X\G) 
invariant under G-action. 
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Example 2. Let M2{F) be the algebra of 2 x 2 matrices. Consider G Aut(M2(F)) defined 
by the formula 



a b \^ I a —b 



c d J ' \ —c d 
Then [x + x'^,y + y^] e ld^(M2(F)) where G = {^p) = Z2. Here [x, y] := xy - yx. 
Denote by the space of all multilinear G-polynomials in xi, . . . , n eN, i.e. 
= . . . I 9^eG,ae Sn)F c F{X\G) 

where Sn is the nth symmetric group. Then the number c^{A) := dim (^'^g^^^ct^^ is called 

the nth codimension of polynomial G-identities or the nth G-codimension of A. 

If L is a Lie algebra with G-action, we define polynomial G-identities and their codi- 
mensions analogously, replacing in our definition the free associative algebra by the free Lie 
one. 

If G is trivial, we get ordinary polynomial identities and their codimensions. Note also that 
if y4 is a G-algebra, then A is an algebra with a generalized FG- action and c^'^{A) = c'^{A) 
for all n eN. 

The analog of Amitsur's conjecture for G-codimensions can be formulated as follows. 



Conjecture. There exists PIexp*^(y4) := lim ^c^{A) E Z+. 

n— >oo 

In the Lie case, we have the following two results: 

Theorem 9 ([25l Theorem 3]). Let L be a finite dimensional non-nilpotent Lie algebra 
over an algebraically closed field F of characteristic 0. Suppose a reductive affine algebraic 
group G acts on L rationally by automorphisms and anti- automorphisms. Then there exist 
constants Gi, G2 > 0, ri, rs G M, G N such that Girf^d"" ^ c^(L) ^ Gsn^^^" for all n G N. 

Theorem 10 ( [251 Theorem 5]). Let L = Li® ■ ■ - (BLg (direct sum of ideals) be a finite dimen- 
sional Lie algebra over an algebraically closed field F of characteristic 0. Suppose a reductive 
affine algebraic group G acts on L rationally by automorphisms and anti- automorphisms and 
the ideals are G -invariant. Then Plexp'^(L) = max^^j^s PIexp^(L,). 

In particular, for reductive G, the analog of Amitsur's conjecture holds for G-codimensions 
of finite dimensional Lie algebras. In this subsection we will derive similar results for asso- 
ciative algebras: 

Theorem 11. Let A be a finite dimensional non-nilpotent associative algebra over an al- 
gebraically closed field F of characteristic 0. Suppose a reductive affine algebraic group G 
acts on A rationally by automorphisms and anti- automorphisms. Then there exist constants 
Gi, G2 > 0, ri, r2 G M, c/ G N such that Girf^d'^ ^ c^{A) ^ G2rfd'' for all n G N. 

Corollary. The above analog of Amitsur's conjecture holds for such codimensions. 

Theorem 12. Let A = Ai® ■ ■ .©Ag (direct sum of ideals) be a finite dimensional associative 
algebra over an algebraically closed field F of characteristic 0. Suppose a reductive affine 
algebraic group G acts on A rationally by automorphisms and anti- automorphisms, and the 
ideals Ai are G-invariant. Then PIexp'^(y4) = maxi^j^^ PIexp'^(y4i). 

We need the following result, which is similar to [25] Theorem 6] in the Lie case. 

Lemma 1. Let A be a finite dimensional semisimple associative H -module algebra where 
H is a Hopf algebra over an arbitrary field F such that the antipode S is bijective. Then 
A = Bi (B ■ ■ ■ (B Bg (direct sum of H -invariant ideals) where Bi are H -simple algebras. 
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Proof. By Wedderburn's theorem, A = Ai (B ■ ■ ■ (B Ag (direct sum of ideals) where Ai are 
simple algebras not necessarily if- invariant. Let Bi be a minimal if- invariant ideal of A. 
Then Bi = Ai^ © ... © Ai^ for some 11,12, ... ,ik G {1,2,..., s}. Consider Bi = {a E A \ 
ab = ba = for all b G Bi}. Then Bi equals the sum of all Aj, j ^ {ii,i2, ■ ■ ■ ,ik}, and 
A = Bi® Bi. We claim that Bi is if-invariant. Indeed, let a G Si, 6 G i?i. Denote by e the 
counit of H and by A(/i) = h(^i) ® ^(2) its comultiplication. Then 

{ha)b = (/i(i)a)(£(/i(2))6) = (/i(i)a)(/i(2)(S'/i(3))6) = /i(i)(a(S'/i(2))6) = 

since Bi is if -invariant. Moreover, 

biha) = (S-i(e(/i(i))l)6)(/i(2)a) = iS-\h^^)Sh^2)mh^,)a) = 

ih^2)iS-\^))b){h^s)a) = /i(2)(((5-'/i(i))6)a) = 0. 
Hence Bi is if-invariant and the inductive argument finishes the proof. □ 

Lemma 2. Let A be a finite dimensional semisimple associative algebra over an arbitrary 
field F , with an action of a group G by automorphisms and anti- automorphisms. Then 
A = Bi® . . . ® Bq (direct sum of G -invariant ideals) where Bi are G-simple algebras. 

Proof. Again, suppose that Go ^ C is acting on A by automorphisms and the elements of 
G\Go are acting by anti-automorphisms. 

If G = Go, the lemma is a consequence of Lemma [H since the antipode S of the Hopf 
algebra FG is bijective: Sg = g^^, g E G. 

Suppose G 7^ Gq. Then by Lemmadl B = Bi® . . .®Bk (direct sum of Go-invariant ideals) 
where Bi are Go-simple algebras. Standard arguments (see e.g. [291 Chapter III, Section 5, 
Theorem 4]) show that every Go-simple ideal of B coincides with one of B^. Let g G G\Gq. 
Then [Bi + gBi) is a G-simple ideal for every 1 ^ z ^ and A = Bi® . . . ® Bq (direct sum 
of G- invariant ideals) where each Bj = Bi + gBi for some i. □ 

Proof of TheoremslIl\ andUM Note that, by Theorem ^ A = B ® J{A) (direct sum of 
G-invariant subspaces) where i? is a G-invariant maximal semisimple subalgebra. Hence 
Lemma |2] implies B = Bi ® . . . ® Bq (direct sum of G-invariant spaces) where Bi are G- 
simple algebras. Now Theorem [TT] follows from Theorem El 

Theorem [T21 is an immediate consequence of (|2]) . □ 

4.2. Applications to differential identities. Let G be a vector space and let G* be its 
dual. We say that a subspace A C G* is dense in G* if A^ = where A-^ := {c G G | (p{c) = 
for all if & A}. An equivalent condition for A is to separate points of G. 

Lemma 3. Let V be a finite dimensional right comodule over a coalgebra G over a field 
F. Denote by (: G* — >■ Endj7(\^) the homomorphism corresponding to the left G* -module 
structure on V where G* is the algebra dual to G. Suppose A is a dense subalgebra of G* . 

ThenaA)=aC*)- 

Proof. Let (fj)i^i^dimy be a basis of V. Denote by p: V V ® G the comodule map of V. 
Let p(fj) = X]j=i^'^i ® ^ji where Cij G G, 1 ^ i, j ^ dim V. Denote 

D = {cij \ 1 ^ i, j ^ dimV")i?. 

Let 71 : G* ^ D* he the natural projection. We claim that 7r{A) = D*. Indeed, if n^A) ^ D*, 
then there exists c & D, c ^ 0, Lp{c) = for all ip & A. We get a contradiction with A-^ = 0. 
Suppose ip E G*. Choose (p E A such that it{lp) = 7r((^). Then 

for every v eV. Hence C(^) = C(C*)- D 
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Note that pi Propositions 9.2.10, 9.2.5, and Example 9.2.8] imply 

Lemma 4. Let G he a connected ajfine algebraic group over an algebraically closed field F 
of characteristic and let g be its Lie algebra. Then U{q) is dense in 0{G)* . 

Using Lemma m we get 

Lemma 5. Let G be a connected ajfine algebraic group over an algebraically closed field F 
of characteristic and let Q be its Lie algebra. Suppose G is acting by automorphisms on a 
finite dimensional algebra A. Then Cn^^\A) = c^{A) for all n G N. 

Proof. First, we notice that A is an (9(G')-comodule algebra. The actions of the algebras 
FG and U{q) on A can be induced from the (9((j')-comodule structure and the natural maps 
from FG and U{q) to 0{G)*. Obviously, the image of FG is dense in 0{G)*. By Lemma SJ 
the image of U{q) is dense in 0{G)*. Hence, by Lemma El FG and U{g) are acting on A 
by the same operators. To be exact in notation, assume that A is associative. (If A is a 

Lie algebra, we use the spaces Vn instead of P„.) We can treat por^'^o/A^ ^^id ^" 



n G N, as the spaces of n-linear functions on A that can be presented, respectively, by G- 
and f/(g)-polynomials. Since the functions are the same, we get 

pG pU{s) 

c^(A) = dim = dim , " = c^^^\A). 

□ 

Proof of Theorems^ and\^ i^-co dimensions do not change upon an extension of the base 
field. The proof is analogous to the cases of ordinary codimensions of associative |T21 Theo- 
rem 4.1.9] and Lie algebras ^42^ Section 2]. Thus without loss of generality we may assume 
F to be algebraically closed. 

Using Theorem [3l we replace the g-action by G-action where G is a simply connected 
semisimple affine algebraic group. By Lemma O ci^^\A) = c^{A) for all n G N, and 
Theorems [7] and [8] are consequences of Theorems [9l [TOllTTl and [T2j □ 

5. Graded polynomial identities and their codimensions 

Let G be a group and F be a field. Denote by F{X^'^) the free G-graded associative algebra 
over F on the countable set 

X^' := \J X^3\ 

g&G 

^{g) — i^x^^\x"2 \ ■ ■ ■}i the algebra of polynomials in non-commuting variables from X^^ . 
The indeterminates from X^^'^ are said to be homogeneous of degree g. The G-degree of a 
monomial xf^^"* . . . x-^''' G F{X^^) is defined to be gig2 ■ ■ ■ gt, as opposed to its total degree, 
which is defined to be t. Denote by F{X^^)^^^ the subspace of the algebra F{X^^) spanned 
by all the monomials having G-degree g. Notice that 

F{X^')^3^F{X^Y''> C F(XS>^)(^^), 

for every g,h & G. It follows that 

is a G-grading. Let / = f{x^f_^\ . . . , x-^''') G F{X^^). We say that / is a graded polynomial 
identity of a G-graded algebra A = 0ggG A^^^ and write / = if f{a^^^^\ . . . , a-^^''') = for 
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all a^ .^ G A^'^^\ 1 ^ j ^ t. The set Id^'^(A) of graded polynomial identities of A is a graded 



Example 3. Let G = Z2 = {0,1}, M2(F) = M2(F)(o) © M2(F)(i) where M2(F)(o) = 



Let := {xl%xl^^^. . . . x^^" | G G, a G Sn)F C F{X^'), nEN. Then the number 



is called the nth codimension of graded polynomial identities or the nth graded codimension 
of A. 

Remark. Let G 3 G be another group. Denote by F{X^^), Id^'^(A), P|^, cf'(A) the objects 
corresponding to the G-grading. Let / be the ideal of F{X^'^) generated by x^f\ j G N, 
g ^ G. We can identify F{X^'^) with the corresponding subalgebra in F{X^^). Then 



Hence cf[{A) = c^{A) for all nEN. In particular, we can always replace the grading group 
with the subgroup generated by the elements corresponding to the nonzero components. 

The analog of Amitsur's conjecture for graded codimensions can be formulated as follows. 

Conjecture. There exists Plexp^'^(A) := lim ^ Cn{A) E Z+. 



In 2011, E. Aljadeff and A. Giambruno [2] proved the analog Amitsur's conjecture for 
graded codimensions of all associative (not necessarily finite dimensional) Pl-algebras pro- 
vided that G is finite. (When the algebra is finite dimensional, this result can be easily 
derived from the corresponding result on if-codimensions, see [SI Sections 1.3-1.4].) How- 
ever, for finite dimensional A and Abelian G, we do not need G to be finite. 

Theorem 13. Let A be a finite dimensional non-nilpotent associative algebra over a field 
F of characteristic 0, graded by an Abelian group G not necessarily finite. Then there exist 
constants Gi, G2 > 0, ri, r2 G M, G N such that Gin^^c/" ^ cl'{A) ^ G2n^2^" for all nEN. 

Corollary. The above analog of Amitsur's conjecture holds for such codimensions. 

Theorem 14. Let A = Ai (B ■ ■ ■ (B As (direct sum of graded ideals) be a finite dimensional 
associative algebra over a field F of characteristic graded by an Abelian group G. Then 
Plexp^'{A) = maxi^i^,PIexpS'^(Ai). 

To prove these theorems, we need the following well known facts. Let G be an Abelian 
group. Denote by G = Hom(G,F^) the group of homomorphisms from G into the multi- 
plicative group of the field F. Then each G-graded space V = 0^gg becomes an 

FG-module: xf*^^) = xid)'^'^^^ for all % G G and f'-^-' G V^^\ Moreover, if G is finitely gen- 
erated, F is algebraically closed of characteristic 0, and V is finite dimensional, then every 
G-invariant subspace in V is G-graded. 

The following lemma is completely analogous to [251 Lemma 24]: 

Lemma 6. Let A be a finite dimensional associative algebra over an algebraically closed field 
F of characteristic 0, graded by a finitely generated Abelian group G. Consider the G-action 
on A defined above. Then c^{A) = c'^{A) for all n G N. 





F{X^') = F{X^') © /, ld^{A) = ld^'{A) © /, 

Pf n id^{A) = (Pf n ids^(A)) © (Pf n /) ( 
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Proof of Theorems [73 and I4 ■ Graded codimensions do not change upon an extension of the 
base field. The proof is analogous to the case of ordinary codimensions [121 Theorem 4.1.9]. 
Thus without loss of generality we may assume F to be algebraically closed. 

Since the set {g E G \ A^^^ 7^ 0} is finite, we may assume the grading group G to be 
finitely generated. Hence A is an FG-comodule algebra where FG is a finitely generated 
commutative algebra that does not contain nonzero nilpotent elements. Therefore, A is 
a rational representation of the reductive affine algebraic group G = Hom(FG, F) where 
B.om{FG, F) is the set of unitary algebra homomorphisms FG — > F. By Lemma El cf[{A) = 
c^{A). Now we use Theorems fTTl and fT2l □ 

6. Formulas for PI-exponents 

6.1. Associative algebras. Let F be an algebraically closed field of characteristic 0. Re- 
placing in ([2]) the iJ-invariant subalgebra and if-simple ideals by, respectively, a graded 
subalgebra and graded simple ideals, we obtain the formula for Plexp^^(A) under the as- 
sumptions of Theorem [T31 Replacing the if-invariant subalgebra and if-simple ideals 
by, respectively, a G-invariant subalgebra and G-simple ideals, we obtain the formula for 
PIexp'~^(A) under the assumptions of Theorem [TTJ Analogously, we obtain the formula for 
PIexp'^*-^''(74) under the assumptions of Theorem[71 We claim that PIexp^'^^''(y4) = PIexp(74) 
and Plexp^(A) = Plexp(A) if G is a connected group. 

Lemma 7. Let B = Bi ® ■ ■ ■ ® (direct sum of ideals) he an algebra not necessarily 
associative over a field F where Bi are simple algebras. Suppose 6 is a derivation of B. 
Then all Bi are invariant under 6. 

Proof. Let 1 ^ i ^ q and a E Bi. Then S{a) = Yl'i=i ^« where bj E Bj, 1 ^ j ^ q. For all 

b E Bj, j ^ i, we have 

= 6{ab) = 6{a)b + a6{b) = bjb + aS{b). 

Hence bjb = —a5{b) E Bi and bjb = 0. Analogously, bbj = for all b E Bj. Since Bj is 
simple, we get bj = for all j ^ i and 6{a) E Bi. □ 

Lemma 8. Let A be a finite dimensional associative or Lie algebra over a field F of char- 
acteristic and let Q be a Lie algebra acting on A by derivations. Suppose A and {0} are 
the only Q-invariant ideals in A. Then either A is semisimple or = 0. 

Proof. Suppose A is associative. By [121 Lemma 3.2.2], the Jacobson radical (which coincides 
with the prime radical) of a finite dimensional associative algebra is invariant under all 
derivations. Hence either J{A) = and the lemma is proved ot A = J{A) is a nilpotent 
algebra. In the last case A"^ ^ A is a. g- invariant ideal. Hence A"^ = 0. 

Suppose A is a Lie algebra. Recall that by [211 Chapter HI, Section 6, Theorem 7] the 
solvable radical i? of A is invariant under all derivations. Hence either R = and A is 
semisimple or A is solvable. In the last case [A, A] A is invariant under all derivations. 
Hence [A, A]=0. □ 

Lemma 9. If B is a Q-simple finite dimensional associative or Lie algebra over a field F 
of characteristic where Q is a Lie algebra acting on B by derivations, then B is a simple 
algebra. 

Proof. By Lemma [HI -B is semisimple and B = Bi® . . . ® Bq (direct sum of ideals) for some 
simple algebras Bi. By Lemma [71 each Bi is g-invariant. Hence g = 1 and B = Bi. □ 

Lemma 10. If B is a G-simple finite dimensional associative or Lie algebra over a field 
F of characteristic where G is a connected affine algebraic group rationally acting on B 
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by automorphisms and anti- automorphisms, then B is a simple algebra and G is acting by 
automorphisms only. 

Proof. Since the radicals are invariant under all automorphisms and anti-automorphisms, B 
is semisimple and B = Bi (B ■ ■ ■ (B B^ (direct sum of ideals) for some simple algebras 
By [23 Chapter III, Section 5, Theorem 4], Bi are the only simple ideals of B. Hence there 
exists a homomorphism ip: G ^ Sn such that i?f = B^(^g^(^i-j for all 1 ^ i ^ g and g E G where 
Sn is the nth symmetric group. Thus G is the disjoint union of closed sets corresponding 
to different (p{g) G Sn- Since G is connected, we get i?f = Bi for all 1 ^ z ^ g and g E G. 
Hence q = 1, B = Bi and B is simple. 

If Aut(S) 7^ Aut*(5), then we have a homomorphism G -> Aut*(B)/ Aut(i?) = Z2, which 
is again trivial. Hence G is acting by automorphisms only. □ 

Theorem 15. Let A be a finite dimensional associative algebra over a field F of charac- 
teristic 0. Suppose a finite dimensional semisimple Lie algebra g acts on A by derivations. 
Then Flexp^^^\A) = Plexp(A). 

Proof. Again, without loss of generality we may assume F to be algebraically closed. Now 
we compare with the formula for the ordinary Pl-exponent [TUI Section 6.2] and apply 
Lemma IHl □ 

Remark. This fact is not surprising, since if all derivations are inner, differential identities 
are a particular case of generalized polynomial identities, for which the exponent of the 
codimension growth is equal to the Pl-exponent too pU] . 

Remark. We have Plexp^*-^^ (A) = PIexp(y4), however the codimensions themselves can 
be different. Suppose sl2(-F) is acting on M2(F) by the adjoint representation. Then 



Theorem 16. Let A be a finite dimensional associative algebra over an algebraically closed 
field F of characteristic 0. Suppose a connected reductive affine algebraic group G acts on A 
rationally by automorphisms and anti- automorphisms. Then PIexp'^(74) = PIexp(y4). 

Proof. We compare ([2]) with the formula for the ordinary Pl-exponent [121 Section 6.2] and 



6.2. Lie algebras. Using [2S1 Section 1.8], we obtain the following formula for Plexp (L) 
where L is a finite dimensional Lie algebra over an algebraically closed field F of characteristic 
with an action of a semisimple Lie algebra g by derivations. This formula is analogous to 
the formula for the Plexp (L) (see [121 Definition 2]) which was later naturally generalized 
for Plexp^(L) and PlexpS'^(L) in [22]. 

By Theorem |5l there exists a g-invariant maximal semisimple subalgebra B such that 
L = B (B R (direct sum of g-submodules) where R is the solvable radical of L. Fix such 
g-invariant maximal semisimple subalgebra B. 

Consider g-invariant ideals Ii, I2, ■ ■ ■ , Ir, Ji, J2, ■ ■ ■ , Jr, f ^ of the algebra L such that 
Jk ^ Iki satisfying the conditions 

(1) Ik/ Jk is an irreducible (g, L)-module, i.e. only trivial subspaces of Ik/ Jk are invariant 
under the g-action and the adjoint L-action at the same time; 

(2) for any g-invariant _B-submodules Tk such that h = Jk ® Tk, there exist numbers 
qi ^ such that 



ci(M2(F)) = 1, but cf^"'^^^)) 



(M2(F)) > 1. 



apply Lemma dUl 



□ 
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Let M be an L-module. Denote by Ann M its annihilator in L. Then 



Plexp {V) = max I dim 



Ann(/i/Ji) n ■ ■ • n Ann{Ir/Jr) 

where the maximum is found among all r G Z_|_ and all Ii, . . . ,Ir, Ji, . . . , Jr satisfying 
Conditions 1-2. 

7. Sn-COCHARACTERS AND AN UPPER BOUND FOR CODIMENSIONS 

One of the main tools in the investigation of polynomial identities is provided by the 
representation theory of symmetric groups. 

In this section H is an arbitrary associative algebra with 1. When we consider if-module 
Lie algebras, we require from to be a Hopf algebra. 

Let A be an associative algebra with a generalized if-action over a field F of character- 
istic 0. The symmetric group Sn acts on the spaces pHp^^g,-^-) by permuting the variables. 
Irreducible FS'„-modules are described by partitions A = (Ai, . . . , A^) h n and their Young 
diagrams Dx- The character Xni^) FS^-module pHf^2"{A) called the nth cochar- 

acter of polynomial i7-identities of A. Analogously, if L is an if- module Lie algebra, Xn i^) 
is defined as the character of the FS'„-module 7757^^73^ • We can rewrite Xn i^) a sum 

x^{A) = J2HAH,x)xW 

\\-n 

of irreducible characters x(A). Let = ax^bx^ and e^^ = bx^ax^ where ax^ = JZ-kgRt ^ 
bx^ = XIo-gCt (siS^*^)*^' be Young symmetrizers corresponding to a Young tableau T\. Then 
M(A) = FSex^ = FSe^^ is an irreducible FS'„-module corresponding to a partition A h n. 
We refer the reader to [11 [151 [IH] for account of Sn-representations and their applications 
to poljTiomial identities. 

Lemma 11. Let A be a finite dimensional associative algebra with a generalized H-action 
or finite dimensional H-module Lie algebra over a field F of characteristic 0, with an 
H-invariant nilpotent ideal I (1 A, P = for some p E N. Suppose n G N and 
A = (Ai, . . . , A,) h ra. Then if EL(dimA)-(dim/)+i > P, we have m{A, H, A) = 0. 

Proof. It is sufficient to prove that e^^f G ld^{A) for all / G P„ and for all Young tableaux 
T\ corresponding to A. 

Fix a basis in A that contains a basis of /. Note that e^^ = bx^ax^ and bx^ alternates 
the variables of each column of Tx. Hence if we make a substitution and Cx^f does not 
vanish, then this implies that different basis elements are substituted for the variables of 
each column. Therefore, at least X]fc=(dimA)-(dim/)+i V elements must be taken from /. 
Since P = 0, we have e^,^/ G Id-^(L). □ 

Theorem 17. Let A be a finite dimensional associative algebra with a generalized H-action 
or a finite dimensional H-module Lie algebra over a field F of characteristic 0, with an 
H-invariant nilpotent ideal I ^ A. Then there exist C3 > and G M such that 

c^{A) ^ C3n"3((dim A) - (dim/))" for all n G N. 
Proof. Lemma [TT] and [19, Lemmas 6.2.4, 6.2.5] imply 

J2 dimM(A) ^ C4n"^((dimA) - (dim 7))'^ 

for some constants Ci,r4 > 0. 
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If A is an if-module Lie algebra, m{A, H, A) are polynomially bounded by J25i Theorem 4]. 
If A is an associative algebra with a generalized if-action, we can use the same arguments. 
This yields the upper bound. □ 

8. Examples and criteria for simplicity 

In this section, except Subsection 18. 5[ we assume the base field F to be algebraically closed 
of characteristic 0. 

8.1. Algebras with a (generalized) //-action. We will use the following two facts: 

Example 4 ( p5| Example 10]). Let 5 be a finite dimensional semisimple if- module Lie 
algebra where H is a Hopf algebra. If B is if-simple, then there exist C > 0, r G M such 
that 

Cn' {dim B)"" ^ c^{B) ^ (dim 5)"+^ for all n G N. 

Example 5 ([251 Example 11]). Let L = Bi®B2®- ■ -(BBq be a finite dimensional semisimple 
if-module Lie algebra where H is a Hopf algebra and Bi are if-simple Lie algebras. Let 
d := maxi^fc^gdimi^fe. Then there exist Ci,C2 > 0, ri,r2 G M such that 

Cm'M" < (L) ^ Can'^rf" for all n G N. 

Theorem [18] below is a generalization of [251 Theorem 15]. 

Theorem 18. Let L be a finite dimensional H -module Lie algebra where H is a Hopf algebra. 
Suppose the nilpotent radical N of L is H -invariant. Then Plexp'^(L) = dimL if and only 
if L is an H -simple semisimple algebra. 

Proof. If L is iZ-simple semisimple, then Plexp^(L) = dimL by Example |H Sup- 
pose Plexp^(L) = dimL. Then by Theorem [T71 = 0. By [26, Proposition 2.1.7], 
[L, i?] C = where R is the solvable radical of L. Hence R = Z{L) G N = and 
L is semisimple. By [2H Theorem 6], L is the sum of if-simple Lie algebras. Now we apply 
Example O □ 

Theorem El implies the following generalization of [23 , Example 7]: 

Example 6. Let A = Bi (B B2 ® ■ ■ ■ (B Bq he an associative algebra with a generalized in- 
action, where Bi are finite dimensional LT-simple semisimple algebras and H is an associative 
algebra with 1. Let d := maxi<^k^q dim Bk. Then there exist Ci,C2 > 0, ri,r2 G M such that 

Cin'^'d'' ^ c^{A) ^ Can'^d" for all n G N. 

Using [231 Lemma 4], we get 

Example 7. Let B be an if-simple semisimple associative algebra with a generalized in- 
action where ii^ is an associative algebra with 1. Then there exist C > 0, r G M such 
that 

Cn"" {dim B)"" ^ c^{B) <: {dim BY+^ for all n G N. 

Theorem 19. Let Abe a finite dimensional H -module associative algebra where H is a Hopf 
algebra with a bijective antipode. Suppose the Jacobson radical J{A) is H-invariant. Then 
PIexp^(y4) = dim A if and only if A is H -simple. 

Proof. If A is ii-simple, then A is semisimple since J {A) is iJ- invariant. Hence PIexp^(74) = 
dimA by Example [71 Suppose PIexp^(74) = dim A. Then by Theorem [T71 J{A) = 0. Hence 
A is semisimple. By Lemma [H A is the sum of ii-simple associative algebras. Now we apply 
Example [6l □ 
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8.2. Algebras with derivations. Now we consider the case when H = U{q) for some Lie 
algebra q. Recall that by [221 Chapter III, Section 6, Theorem 7] the solvable radical and 
the nilpotent radical of a finite dimensional Lie algebra are invariant under all derivations. 
By [121 Lemma 3.2.2], the Jacobson radical (which coincides with the prime radical) of a 
finite dimensional associative algebra is invariant under all derivations too. 

Example 8. Let B he a. simple finite dimensional Lie or associative algebra with an action 
of a Lie algebra q by derivations. Then there exist C > 0, r G M such that 

Cn"(dim5)" ^ c^^^n^) ^ (dim5)"+i for all neN. 

Proof. We use Examples H] and [71 □ 

Example 9. Let B = Bi (B B2 ® ■ ■ ■ ® Bq (direct sum of ideals) be a finite dimensional 
semisimple Lie or associative algebra with an action of a Lie algebra g by derivations, where 
Bi are simple algebras. Let d := maxi^fc<;q dim^B^. Then there exist Ci,C2 > 0, ri,r2 G M 
such that 

Cin^M" ^ cl^^\B) ^ Csn'^rf" for all n e N. 

Proof. By Lemma [71 Bi are g- invariant. Now we use Examples [5] and [61 □ 

Finally, we obtain a criterion for (differential) simplicity in terms of differential PI- 
exponent: 

Theorem 20. Let A he a finite dimensional Lie or associative algebra with an action of a 
Lie algebra g by derivations. Then Plexp^*-^^ (A) = dim A if and only if A is Q-simple if and 
only if A is simple. 

Proof. We use Theorems [TBI [191 ^^^^ Lemma [9l □ 

8.3. G-algebras. If a group is acting on an algebra by automorphisms and anti- 
automorphisms, the radicals are invariant under this action. In the case of Lie algebras 
every anti-automorphism is a negative automorphism, so we can always restrict ourselves 
to the case when a group is acting on a Lie algebra by automorphisms only. (See [251 
Lemma 28].) 

Example 10. Let i? be a finite dimensional Lie or associative algebra with an action of 
a group G by automorphisms and anti-automorphisms. If B is G-simple, then there exist 
C > 0, r G M such that 

Cn''(dim5)" ^ c^{B) ^ (dimS)"+^ for all n G N. 

Proof. We use Examples [H and [71 □ 

Example 11. Let B = Bi (B B2 ® . ■ . ® Bg (direct sum of G-invariant ideals) be a finite di- 
mensional semisimple associative algebra with an action of a of a group G by automorphisms 
and anti-automorphisms, where B^ are G-simple algebras. Let d := maxi^^jcg dim 5^. Then 
there exist Ci, C2 > 0, ri, r2 G M such that 

Cm^M" ^ c^{B) ^ G2n'^d'' for all n G N. 

Proof. We use Examples [S] and [HI □ 

Now we obtain a criterion for G-simplicity: 

Theorem 21. Let A be a finite dimensional Lie or associative algebra with an action of a 
group G by automorphisms and anti- automorphisms. Then PIexp*^(y4) = dim A if and only 
if A is G-simple. 

Proof. We use Theorems fT8l and fT9l □ 
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8.4. Graded algebras. Using Lemma O we obtain the following examples and criterion for 
graded simplicity: 

Example 12. Let i? be a finite dimensional associative algebra graded by an Abelian group 
G. If B is graded simple, then there exist C > 0, r G M such that 

Cn" (dim 5)" ^ (^^{B) ^ (dim 5)"+^ for all n G N. 

Example 13. Let B = Bi®B2®- ■ -(BBq (direct sum of graded ideals) be a finite dimensional 
semisimple Lie or associative algebra graded by an Abelian group G, where Bi are graded 
simple algebras. Let d := maxi^fc^^dimi?^. Then there exist Gi,G2 > 0, ri,r2 G M such 
that 

Cin'^M" ^ (fi) ^ Can^'M" for all n G N. 

Theorem 22. Let A be a finite dimensional associative algebra graded by an Abelian group. 
Then Plexp^'^(A) = dim A if and only A is graded simple. 

When the grading group G is finite, we can use ^3] Lemma 1] and derive the above 
from Examples |6l [71 and Theorem [191 even if G is not Abelian. 

Analogous examples and criterion for Lie algebras were obtained in [25] . 

8.5. Examples of non-semisimple algebras. We conclude the section with the following 
two examples: 

Example 14. Let F be a field of characteristic 0. Consider the associative subalgebra 

C D 



A 







C,D e M^{F) \ C M2m{F) where m > 2. 



Define the linear embedding ip: slm{F) A, ip{C) = ^ q* g ^ the following slmiF)- 

action on A by derivations: a ■ b = [^pia), b] for all a G slm{F) and b E A. Then there exist 
Ci, C2 > 0, ri, r2 G M such that 

Cm^'m^" <: a^(^''"(^))(A) ^ Can^^m^" for all neN. 

Proof. As we mentioned in the proof of Theorems [7] and [8] (Subsection 14.21) . differential 
codimensions do not change upon an extension of the base field. Hence we may assume F 
to be algebraically closed. 

Note that A = B (B J (direct sum of s[m(F)-sub modules) where 

C 



is a maximal semisimple subalgebra (which is simple) and 

D 



J 







D G M„(F) 



is the Jacobson radical of A. Hence (|2|) implies the claimed asymptotics. □ 
Example 15. Let F be a field of characteristic 0. Consider the Lie subalgebra 
C D 



L 







C G sim{F), D G M„(F) } C sl2m{F) where m ^ 2. 



Define the linear embedding ip: slm{F) L, ip{C) = ^ q* g ^ ^'^'^ the following 5{m{.F)- 

action on L by derivations: a ■ b = [ip{a), b] for all a G slm{F) and b & L. Then there exist 
Ci, G2 > 0, ri, r2 G M such that 

Cin"i(m=^ - 1)" ^ c^(^''"(^»(L) ^ C2n''^{m^ - 1)" for all neN. 
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Proof. Again, differential codimensions do not change upon an extension of tlie base field. 
Hence we may assume F to be algebraically closed. 

Note that A = B Q) R (direct sum of s[m(-^)-submodules) where 

C 




B 



C e sUF) 



is a maximal semisimple subalgebra (which is simple) and 



R 



D 




D e M^{F) 



is the solvable (and nilpotent) radical of L. Then if Ji, . . . , J^, Ji, . . . , satisfy Conditions 
1-2 from Subsection 16. 2[ we have R C Ann(/i/ Ji) fl • • ■ fl Ann(Jr/ Jr), since i? is a nilpotent 
ideal. Thus PIexp^(^''"(^))(L) ^ (dimL) - (dimi?) = - 1. However, L/R = B is 
a simple i?-module. Hence Ii = L and Ji = R satisfy Conditions 1-2. Now we notice 
that Ann(L/i?) = R, dim(L/ Ann(L/i?)) = — 1, and Theorem [7] implies the claimed 
asymptotics. □ 

In both examples, the differential Pl-exponent coincides with the ordinary one. 

Acknowledgements 

This work started while the first author was an AARMS postdoctoral fellow at Memorial 
University of Newfoundland, whose faculty and staff he would like to thank for hospitality 
and many useful discussions. Both authors are grateful to Yuri Bahturin who suggested that 
they study polynomial if-identities. 



References 

[1] Abe, E. Hopf algebras. Cambridge University Press, Cambridge, 1980. 

[2] Aljadeff, E., Giambruno, A. Multialternating graded polynomials and growth of polynomial identities. 

Proc. Amer. Math. Soc. (to appear). 
[3] Aljadeff, E., Giambrmio, A., La Mattina, D. Graded polynomial identities and exponential growth. J. 

reine angew. Math., 650 (2011), 83-100. 
[4] Bakhturin, Yu. A. Identical relations in Lie algebras. VNU Science Press, Utrecht, 1987. 
[5] Bahturin, Yu. A., Giambruno, A., Zaicev, M. V. G-identities on associative algebras. Proc. Amer. Math. 

Soc, 127:1 (1999), 63-69. 

[6] Bahturin, Yu. A., Linchenko, V. Identities of algebras with actions of Hopf algebras. J. Algebra 202:2 
(1998), 634-654. 

[7] Bahturin, Yu. A., Zaicev, M.V. Identities of graded algebras. J. Algebra, 205 (1998), 1-12. 

[8] Bahturin, Yu. A., Zaicev, M.V. Identities of graded algebras and codimension growth. Trans. Amer. 
Math. Soc. 356:10 (2004), 3939-3950. 

[9] Bakhturin, Yu. A., Zaitsev, M. V., Sehgal, S.K. G-identities of non-associative algebras. Sbornik: Math- 
ematics, 190:11 (1999), 1559-1570. 
[10] Berele, A. Cocharacter sequences for algebras with Hopf algebra actions. J. Algebra, 185 (1996), 869- 
885. 

[11] Chuang, C.-L., Lee, T.-K., q-skew derivations and polynomial identities. Manuscripta Math., 116 (2005), 
229-243. 

[12] Dixmier, J. Enveloping Algebras, Amsterdam, North-Holland, 1977. 

[13] Dascalescu, S., Nastasescu, C, Raianu, §. Hopf algebras: an introduction. New York, Marcel Dekker, 
Inc., 2001. 

[14] Dc Filippis, V. Power cocentralizing generalized derivations on prime rings. Proc. Indian Acad. Sci. 

(Math. Sci.) 120:3, 2010, 285-297. 
[15] Drensky, V. S. Free algebras and Pl-algebras: graduate course in algebra. Singapore, Springer- Verlag, 

2000. 

[16] Giambruno, A., La Mattina, D. Graded polynomial identities and codimensions: computing the expo- 
nential growth. Adv. Math., 225 (2010), 859-881. 



20 



A. S. GORDIENKO AND M. V. KOTCHETOV 



[17] Giambruno, A., Regev, A., Zaicev, M. V. Simple and semisimple Lie algebras and codimension growth. 
Trans. Amer. Math. Soc, 352:4 (2000), 1935-1946. 

[18] Giambruno, A., Shestakov, LP., Zaicev, M.V. Finite-dimensional non-associative algebras and codi- 
mension growth. Adv. Appl. Math. 47 (2011), 125-139. 

[19] Giambruno, A., Zaicev, M.V. Polynomial identities and asymptotic methods. AMS Mathematical Sur- 
veys and Monographs Vol. 122, Providence, R.I., 2005. 

[20] Gordienko, A. S. Codimensions of generalized polynomial identities, Sbornik: Mathematics, 201:2 
(2010), 235-251. 

[21] Gordienko, A. S. Codimensions of polynomial identities of representations of Lie algebras. Proc. Amer. 
Math. Soc. (to appear). 

[22] Gordienko, A. S. Graded polynomial identities, group actions, and exponential growth of Lie algebras. 

J. Algebra, 367 (2012), 26-53. 
[23] Gordienko, A. S. Amitsur's conjecture for associative algebras with a generalized Hopf action. J. Pure 

and Appl. Alg. (to appear) 
[24] Gordienko, A. S. Structure of iJ-(co)module Lie algebras. J. Lie Theory (to appear). 
[25] Gordienko, A. S. Amitsur's conjecture for polynomial iJ-identities of i?-module Lie algebras. 

arXiv:1207.1699vl [math.RA] 6 Jul 2012 
[26] Goto, M., Grosshans, F. Semisimple Lie algebras. Marcel Dekker, New York and Basel, 1978. 
[27] Hochschild, G. Basic theory of algebraic groups and Lie algebras. Graduate texts in mathematics, 75, 

Springer- Verlag New York, 1981. 
[28] Humphreys, J.E. Linear algebraic groups. New- York, Springer- Verlag, 1975. 
[29] Jacobson, N. Lie algebras. New York-London, Interscience Publishers, 1962. 

[30] Kharchenko, V. K. Differential identities of semiprime rings. Algebra and Logic, 18 (1979), 86-119. 
[31] Linchenko, V. Identities of Lie algebras with actions of Hopf algebras. Comm. Algebra, 25:10 (1997), 
3179-3187. 

[32] Linchenko, V. Nilpotent subsets of Hopf module algebras. Groups, rings, Lie, and Hopf algebras, Proc. 

2001 St. John's Conference, ed. Yu. Bahturin (Kluwer, 2003) 121-127. 
[33] Mishchenko, S.P., Verevkin, A.B., Zaitsev, M.V. A sufficient condition for coincidence of lower and 

upper exponents of the variety of linear algebras. Mosc. Univ. Math. Bull., 66:2 (2011), 86-89. 
[34] Montgomery, S. Hopf algebras and their actions on rings, CBMS Lecture Notes 82, Amer. Math. Soc, 

Providence, RI, 1993. 

[35] Pagon, D., Repovs, D., Zaicev, M.V. Group gradings on finite dimensional Lie algebras, Alg. Colloq. 

(to appear). 

[36] Sharma, D. K., Dhara, B. Engel type identities with derivations for right ideals in prime rings. Mediterr. 
J. Math. 3 (2006), 15-29. 

[37] Sidorov, A. V. Splitting of the radical in finite-dimensional iJ-module algebras. Algebra and Logic, 28:3 

(1986), 324 -336. 

[38] §tefan, D., Van Oystacycn, F. The Wedderburn — Malcev theorem for comodule algebras. Gomm. in 

Algebra, 27:8, 3569 3581. 
[39] Swcedler, M. Hopf algebras. W.A. Benjamin, inc.. New York, 1969. 
[40] Taft, E.J. Invariant Wedderburn factors. Illinois J. Math., 1 (1957), 565-573. 

[41] Volichenko, LB. Varieties of Lie algebras with identity [[Xi, X2, X3], [X4, X5, Xe]] = over a field of 

characteristic zero. (Russian) Sibirsk. Mat. Zh. 25:3 (1984), 40-54. 
[42] Zaitsev, M. V. Integrality of exponents of growth of identities of finite-dimensional Lie algebras. Izv. 

Math., 66 (2002), 463 487. 
[43] Zaicev, M. V., Mishchenko, S. P. An example of a variety of Lie algebras with a fractional exponent. J. 

Math. Sci. (New York), 93:6 (1999), 977-982. 

Vrije Universiteit Brussel, Belgium 
E-mail address: alexey.gordienko@vub.ac.be 

Memorial University of Newfoundland, St. John's, NL, Canada 
E-mail address: mikhailQmun. ca 



